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Abstract 
Let (X, d) be a metric space. Under which conditions is every homeomorphism from X onto 
X uniformly continuous with respect to (the uniformity generated by) the metric d? We give 
sufficient conditions for the above question and necessary conditions for it in the case of a O- 
dimensional homogeneous space. It is also proved that u.c.h.-ness for every compatible metric 
implies compactness for a nonrigid metrizable space. Furthermore, the interplay between u.c.h.- 
ness and local m-compactness is considered in the class of uniform spaces. 0 1998 Published by 
Elsevier Science B.V. 
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Introduction 
In the literature on metric spaces there are various properties of uniform continuity, 
briefly the word u.c.-ness is used to mean some continuity is uniform. The first consid- 
ered form of u.c.-ness (any real-valued continuous and bounded function is uniformly 
continuous) admits a long list of equivalent formulations some of them apparently very 
far from each other. We call a metric space (X, d) u.c.h. when every homeomorphism 
from X onto X is uniformly continuous with respect to (the uniformity generated by) the 
metric d . This form of u.c.-ness is quite different from the known ones since it is very 
hard to find internal characterizations for it. It characterizes properties like a continuously 
extending property of all autohomeomorphisms to the Samuel compactification. 
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By EfremoviE’s lemma, for metric spaces uniform, geometry and proximal geometry 
(two subsets are near iff their distance is zero) are the same. For u.c.h. metric spaces, 
proximal geometry and topology are the same. 
A uniform space (X, U) is u.c.h. when every autohomeomorphism of X is uniformly 
continuous. The uniform case is essentially different from the metric one since there exist 
metrizable spaces like the rationals which admit no compatible u.c.h. metric but anyway 
have compatible u.c.h. uniformities, see [3, Corollary 2.4 and Remark (b)]. ’ 
1. General results and examples 
Theorem 1. Let (X, d) be a totally bounded metric space. (X, d) is u.c.h. iff every auto- 
homeomorphism (continuously) extends to its metric completion (2, d), which is a metric 
compactification of X. More generally, a metric space (X, d) is u.c.h. iff every auto- 
homeomorphism (continuously) extends to its Samuel or Smimov compactijcation, which 
is the uniform completion of the unique totally bounded uniformity U * (d) proximally 
equivalent to that one induced from the metric d. 
Proof. Consider the general case and remark that an autohomeomorphism of X is uni- 
formly continuous with respect to the metric d iff it is uniformly continuous with respect 
to U * (d). Suppose (X, d) be u.c.h., every autohomeomorphism is uniformly continuous 
with respect to 24 * (d) and hence it is uniformly extendable to the Samuel compactifi- 
cation of X by Lavrentieff’s theorem. Vice versa. If every autohomeomorphism f of X 
(continuously) extends to the Samuel compactification of X, then f is uniformly con- 
tinuous with respect to U * (d) which is the same as uniformly continuous with respect 
to d. •I 
In [4] McDowell-De Groot related u.c.h.-ness (ante litteram) of a totally bounded 
metric space (X, d) to separability of the group A(X) of all autohomeomorphisms of X 
in the topology of uniform convergence induced from the metric d. 
Following [4] it is simple to show that 
Theorem 2. If X admits a compatible metric d for which the group A(X) is separable 
in the topology of uniform convergence induced from d, then X admits a compatible 
u.c.h. metric. 
Proof. It is enough to introduce a new metric d’ defined by 
where {fn: n E N} is a countable dense subgroup of A(X). 0 
’ Compatible metric means that the metric topology generated by d is the topology of the space. 
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Example 3. The metric u.c.-ness, any real-valued continuous and bounded function is 
uniformly continuous, is equivalent to the property: any continuous function towards any 
metric space is uniformly continuous. So any metric space which is U.C. is u.c.h. too. 
Example 4. Let X = { 1 /n 1 n = 1,2,. .} with the distance d(z, y) = ]z - y], Vx, y E 
X. Then (X, d) is a totally bounded, noncomplete discrete u.c.h. metric space. 
Example 5. Let X = l-1, l[ be equipped with the usual distance d(x, y) = ]z - y], 
Vx,y E x. If f:]-1, I[ +1-l, l[ is a homeomorphism, then it is either strictly increas- 
ing or strictly decreasing. Hence f may be continuously extended to [- 1, l] (which is 
compact with the usual metric) and f is uniformly continuous. So, (I- 1, 1 [, d) is totally 
bounded, noncomplete and u.c.h. 
Example 6. The real line with the usual metric is not u.c.h.; for instance, f : IR --f IFt 
such that f(r) = z3, Vx E R, is not uniformly continuous. But JR is homeomorphic 
to l-1, 1 [ so there is a compatible metric d on R such that (R, d) is u.c.h. Notice that 
the inverse homeomorphism z + ,j’Z is uniformly continuous with respect to the usual 
metric on R. 
2. O-dimensional homogeneous case 
As an introductory example we will examine the discrete (not finite) case. Let (X, d) 
be u.c.h. and discrete. The u.c.h.-ness of d and the discreteness of X imply either no two 
infinite subsets of X are near or any two infinite subsets of X are near. In the former 
case the metric d induces the finest proximity on X. So d is uniformly equivalent to the 
discrete (0, 1}-metric and thus complete. In the latter case the metric d is extendable to 
the one-point compactification of X. Thus it is totally bounded. Moreover, the space X 
must be countable and uniformly equivalent to the space given in Example 4. 
Theorem 7. Let (X, d) be a O-dimensional, homogeneous metric space without isolated 
points. (X, d) is u.c.h. if acd only if either (X, d) is compact or the completion (j?> 2) 
of (X, d) is compact and X - X is a singleton. 
Proof. (+) Sup_pose (X, d) is not compact. To prove that the completion (X,2) of (X, d) 
is compact and X-X is a singleton, we will show that the space (X, d) is totally bounded 
and for each nonconvergent Cauchy sequences (a,) and (b,) of X, limn_a d(a,, bn) = 
0. Assume that (X, d) is not totally bounded. Then there is E > 0 and a sequence (an)+i 
of points of X such that 
(1) B(%&,&) n B(% &)-0,vn,m> l,n#m. 
B(a, r) denotes the open ball of center a and radius T. 
For each n 2 1 fix b, so that 0 < d(u,, b,) < ~/4~; also fix open-closed neighbor- 
hoods U,, V, of a, and b,, respectively, so that 
(2) U, U V, C B(u,, e/4), Yn 2 1; 
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(3) U, n V, = 0, Vn 2 1; 
(4) for each n 3 1 there is a homeomorphism (~2~ : X + X such that pzn(bzn) = 
a2n+1 and ~2n[1/2n] = U2n+1. 
Define a homeomorphism cp :X + X as follows. 
1 
~~(5) if 5 E V& for some 72 3 1, 
p(X) = (p;:(x) if J: E Uzn+i for some n > 1, 
2 otherwise. 
Since 4p(a2,), p&2,)) = 4 ~2~, a2n+l ) 2 E, Vn 2 1, p is not uniformly continuous, 
and which is a contradiction. 
Next, let (a,) and (bn) be two different nonconvergent Cauchy sequences with distinct 
points. Assume that lim,,o d(u n, b,) # 0. Without lost of generality, we may suppose 
there is T > 0 such that d(anr b,) 3 T, for each n 3 1. Using collectionwise normality, 
fix two discrete families ( Un) and (V,), n 3 1, of open-closed sets such that 
(1) U,flV,=0,h,m> 1. 
(2) a,EU,andb,EVn,n>l. 
(3) for each n > 1 there is a homeomorphism (P~~+I : X + X such that 
(P2nfl (a2nfl) = b2n and (P~~+I [U2n+~l = tin. 
Again define cp : X + X as follows: 
( 
(P~~+I (z) if z E Uzn+i for some n 3 1, 
cp(x) = cp~~+i(x) if 5 E I& for some n 3 1, 
X otherwise. 
cp is a homeomorphism and d(a2,, azn+i) -+ 0 when n 4 oo but 
+4azn), cp(a2,+1)) = 4a2n, b2n) 3 T, 
which shows that cp is not uniformly continuous. From the above properties it follows 
that the completion (j?, 2) of (X, d) is totally bounded and obtained by adding exactly 
one point to X. Thus it agrees with the one-point compactification of X. 
(+) Let f : X -+ X be a homeomorphism. If we put r? = X U {co}, then the map 
7: _? + 2, defined by f^lX = f, f^(cc) = cc is a homeomorphism. Since (X,2) is 
compact, f^ is uniformly continuous with respect to d^ and hence so is f with respect 
tod. 0 
Corollary 8. There is no compatible metric d on the rational line so that (Q, d) is u.c.h. 
3. U.c.h.-ness and other properties 
Proposition 9. If X is a metrizable locally compact, second countable space, then there 
is a compatible metric d such that (X, d) is u.c.h. 
Proof. Let X, be the one point compactification of X (which will be metrizable) and 
let d, be a compatible metric on X,. Since every homeomorphism from X onto X 
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continuously extends to X,, the metric d, which is the restriction of d, to X x X 
makes (X,d) u.c.h. 0 
Remark 10. Notice that if X is O-dimensional and without isolated points in Proposi- 
tion 9, then X, is homeomorphic to (0, 1)“‘. Hence X is homeomorphic to (0, l}w 
minus one point. 
Recall now [l]: 
64 
(b) 
A rim-compact separable metrizable space X admits a metrizable Freudenthal 
compactification FX iff the space Q(X) of quasi-components of X is compact. 
Moreover: 
If X, Y are rim-compact and f : X + Y is closed, continuous and point-inverses 
have compact boundaries, then f admits a continuous extension Ff : FX --f FY 
to the Freudenthal compactifications. Naturally homeomorphisms verify the above 
conditions. 
Proposition 11. IfX is a metrizable, rim-compact, separable space and Q(X) is com- 
pact, then X admits a compatible metric which is u.c.h. 
Proof. In this case the Freudenthal compactification of X is metrizable and any auto- 
homeomorphism of X continuously extends to it. The restriction on X of any metric in 
FX is u.c.h. 0 
Example 12. U.c.h.-ness in a space without isolated points does not imply local com- 
pactness. Let X = Iw* - QXQ be equipped with the usual topology. The space X is a 
rim-compact but not locally compact separable metrizable space and it has no isolated 
points. Moreover, X is connected: any point can reach any other one by moving along 
horizontal irrational lines and vertical irrational lines. So Q(X) is a singleton and hence 
it is compact. Thus the Freudenthal compactification FX is metrizable and any metric 
on FX induces a u.c.h. metric in X (see Proposition 11). 
Example 13. U.c.h.-ness in a space without isolated points does not imply total bounded- 
ness. There exist O-dimensional noncompact subspaces of the real line without isolated 
points which admit just one autohomeomorphism, the identity [3]. Naturally they are 
u.c.h. with respect to any compatible metric. Let X be bounded and of this kind, conse- 
quently it is not closed. If ~0 is an accumulation point of X which is not in X, then a 
sequence of distinct points in X converges to ~0. Thus the homeomorphic image of X 
by the function ~/CC - ~0 is not bounded and has just one autohomeomorphism. 
Theorem 14. Let X be a metrizable space without isolated points. If (X, d) is u.c.h. 
for every compatible metric, then for every homeomorphism ‘p: X -+ X, the set 
{T E X / y(z) # L-C} is compact. 
Proof. Let cp : X 4 X be a fixed homeomorphism, define M = {x E X 1 cp(x) # z} 
and assume on the contrary that M is not compact. So it is possible to take a sequence 
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(a,),21 of pairwise distinct points of M so that {a, 1 n 2 I} is closed discrete in 
X. Then {V(G) I n 3 1) is closed discrete too. For each n 3 1 fix cn so that 
0 < d(a n, c,) < l/n; the points c, are pairwise distinct; 
c,4{a,In~l}u{cp(a,)ln~l} and 
{cp~c,~I~~~}n(~~,In~~}~{ip(a,>~n~1}U{c,)n~I})=0. 
The sets 
F = {a, 1 n 2 1) U {en 1 n 2 1) U {cp(a,) I n 3 l} and 
K = {cp(cJ I n 2 1} 
are closed and disjoint. Since X is normal there is a continuous map f : X -+ [0, l] so 
that fly E 0 and fly E 1. Define 
d’(zy) = @x/) + (f(x) -f(y)/, v’s,y E X- 
d’ is a compatible metric since f is continuous. By hypothesis (X, d’) is u.c.h., but 
&a,, c,) = d(u,, c,) + if(~) - f(c,)( = d(a,, c,) < ; 
This is a contradiction. q 
As a matter of fact we proved that if X is a nonrigid metrizable without isolated points 
space and u.c.h. for every compatible metric, then X is compact. X is nonrigid means 
there is a homeomorphism cp : X + X so that (2 E X 1 p(z) # ST} is dense in X. 
Corollary 15. Let X be a homogeneous metrizable space without isolated points. If 
(X, d) is u.c.h. for every compatible metric d, then X is locally compact. 
Proof. Let a E X and cp be an autohomeomorphism of X such that y(a) # a. It is easy 
to deduce from Theorem 14 that {x E X / p(z) # x} is a compact nhbd of a. 0 
Now it follows a variant of Theorem 14. 
Proposition 16. Let X be a nonrigid separable metrizable 
If any totally bounded metric is u.c.h., then X is compact. 
Proof. Analogous to that one of Theorem 14. q 
space without isolated points. 
Theorem 17. If d is a compatible metric on the real Line I% such that (I$, d) is u.c.h.. 
then (R, d) is totally bounded. 
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Proof. Assume on the contrary that there is E > 0 and a sequence (&)+I such that 
B(b,, 2~) n B(b,,2~) = 0, Vn, m, n # m. (1) 
For each n 3 1 let I/C,, ln[ be the biggest open interval (in the order of inclusion) such 
that 
b,, E ]kn> L[ c B(b,, E). (2) 
Since d is continuous it is not hard to show that 
d(bn,k,) = d(b,,l,) = E, h 3 1. (3) 
For each n > 1 fix a point I& E ]bn, 1, [ such that d(b,, &) 2 &/4 and a point 
p, E lb,, Zn[ such that d(b,, p,) < ~/4, This choice is possible because d is continuous 
and equivalent to the usual topology on R. 
Define fTL : [lcn, InI + [kn, InI as follows (see Fig. 1): 
fn(x) = x, V’z E [k, b,], fn(Pn) = En3 fn(L) = L, 
fn linear in [b,, p,] and [pn, In]. Extend all these fn “linearly” to the rest of IL!; we then 
have a homeomorphism cp, which is not uniformly continuous with respect to d, since 
d(b,,p,) < & and d(cp(b,),cp(p,)) 3 :, \dn>l. 0 
Proposition 18. Zf d is a compatible metric on Rh such that (IRh, d) is u.c.h., then 
(Rh, d) is totally bounded. 
Proof. Assume on the contrary that there is E > 0 and a sequence (~)~>r of pairwise 
distinct points of IRh such that 
B(a,, 2~) n B(a,, 2~) = 0, Vn, m, n # m. (4) 
putting, for each n 3 1, a, = (uk , . . . , CL;) we may assume w.1.o.g. that ]uk - uk 1 3 1, 
\dn # m (may be considering an infinite subset of indices different from IV). Define 
721 = 1, nz=min{n> 11 IuX-a~,I 3 l}, 
713 = min{n > n2 1 1~; - uf, 1 3 1, I& -a:,\ > l}, 
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%+I = min{n > nP 1 I& -a;1 3 1, jE {~,,...J$}}, 
If this procedure ends at some step p, then there are infinitely many indices n such that 
all aA are close to a fixed one (usual distance less than 1). Hence there is an infinite 
subsequence of aA which converges to some point, say a. Working with the indices of 
this subsequence we try to proceed as before with the (a:, . . . , a;) (which cannot have 
a convergent subsequence by (4)) and we are done. 
Since Ia: - ak 1 3 1, Vn, m, n 3 m, for each n 3 1 let ]Icn, 2, [ be the biggest open 
interval such that 
ah E]&,E,[ and lk,,l,[x {(o:,...,a:)} cB(a,,~). (5) 
As in the proof of the previous theorem 
d(('cn,a:,. . .?a:), (&a$. ,a:)) 
= d((l,,a$. . I ,a$ (a;, . . . ,a;)) = E. (6) 
There exists & E ]k,, ln[ such that En > aa and 
d((E,,a$. .,a$ (ah,. . ,$J) 3 $. (7) 
Otherwise d( (t, ai, . . . , a;), (a;, . , a:)) < CC/~, ‘dt E ]a;, In[, which contradicts (6) if 
t is close to I, (since d is continuous). 
There exists pn E Iat, I, [ such that 
d((p,,a;,... ,a:),(u:,...,u:)) <; (8) 
(the same reason as above since d is continuous). 
Finally we proceed as in the proof of the previous theorem and have a homeomorphism 
‘p : R + IR and which we will extend to 
8:(z1,2* ,...) 2,) ERh++ (cp(Z,),Q )“., Zh) EEP 
that is a nonuniformly continuous homeomorphism with respect to d. q 
4. Uniform case 
Let X be a normal collectionwise Hausdot-ff space (without isolated points), 24 be a 
compatible uniformity for X whose uniform weight is m 3 No. Assume that the character 
JX) = m and every nonempty open subset of X has cardinality at least equal to m. 
Theorem 19. rf (X, 22’) is u.c.h. for every compatible uniformity ZA’, whose uniform 
weight is m, then if cp :X + X is a homeomorphism, the set {x E X 1 p(z) # x} 
contains no closed (in X) discrete subset ofcardinality m. 
Proof. Fix a homeomorphism cp :X + X and assume on the contrary that the set {CC E 
X 1 p(z) # z} contains a closed (in X) discrete subset of cardinality m, {a, 1 a < m}. 
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Since X is collectionwise Hausdorff there is a discrete family (Va)a<m of open sets 
such that acy E V,, V& < m . Fix a uniform symmetric base (VO)cy,, for 24 and for 
each Q! < m choose c, E X such that 
(1) (a,, c,) E lJ, and c, E V,, kfo < m; 
(2) c, # co, whenever Q # p; 
(3) {cp(cJ 1 a < m) n ({a, I a: < m} U {da,) I Q < m} U {co / 0 < m} = 0. 
The sets 
F = {cp(c,.) 1 Q < m} and 
K = {a, 1 (Y < m} U {c~ ) cr < m} U {(p(acy) I cr < m} 
are closed and disjoint, so by normality there is a continuous function f : X + [O, l] 
such that fly = 1 and fly = 0. 
Let us consider now the uniformity U’ defined as follows: U’ E U’ if and only if there 
is U E U and E > 0 so that 
u’ 3 {(zY) E X x X I (T,Y) E U and If(x) - fk)j < E}. 
U’ is a compatible uniformity because f is continuous and its uniform weight is m. 
The homeomorphism ‘p is not uniformly continuous with respect to U’, since for any 
cy < m and 0 < E < 1 we have 
(a,,~,) E ((z,Y) t X x X I J.f(x) - fb)J < f} f u’ 
but 
(cP(an)r9(ca)) $ { (z,Y) E X x X I If(x) - .fb)l < l} E 24’. 0 
Theorem 20. Assume X as before but homogeneous. If there exists a homeomorphism 
‘p: X + X, and a E X so that cp(a) # a, then if (X,24’) is u.c.h. for every compatible 
uniformity U’ whose uniform weight is m, it is locally m-compact (= each point has 
a fundamental system of open neighborhoods V so that V contains no closed (in X) 
discrete subset of cardinal@ m). 
Proof. Analogous to the proof of Theorem 14. See also Corollary 15. 0 
Corollary 21. Let (G, ‘, T) b e a nondiscrete normal collectionwise Hausdofl Abelian 
topological group with ,(G) = m 3 No. If (G,U) 1s u.c.h. for every compatible unifor- 
mity U, whose uniform weight is m, then w(G) = m, G is locally m-compact and G has 
no discrete closed subset of cardinality m. 
Proof. It is a consequence of Theorem 20 and that if b E G is distinct from the neutral 
element e of G then 
cp:G-+G, x - bx, 
is a homeomorphism and cp(e) = b # e; furthermore, 
{z E G I cp(x) # x} = {x E G 1 bx # x} = G. 0 
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